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THE EXISTENCE OF A CANONICAL LIFTING OF EVEN
POISSON STRUCTURES TO THE ALGEBRA OF DENSITIES
A. BIGGS
Abstract. In this note we construct a canonical lifting of arbitrary Poisson
structures on a manifold to its algbera of densities. Using this construction we
proceed to classify all extensions of a fixed structure on the original manifold
to its algebra of densities. The question is analogous to the problem studied by
H.M.Khudaverdian and Th.Voronov for odd Poisson structures and differential
operators. Although the questions are similar the results are distinctly marked,
namely in the case of even Poisson structures there always exists a lift which
is naturally defined. The proof of this result bears a remarkable resemblance
to the construction of the Frolicher-Nijenhuis bracket.
1. Introduction
Let M be a supermanifold and let C∞(ΠT ∗M) denote functions on the parity
reversed cotangent bundle, ΠT ∗M . We have a natural subalgebra of C∞(ΠT ∗M),
A(M), consisting of those functions that are polynomial in the fibre-coordinates
and we shall denote the space of polynomial functions with degree r by Ar(M).
Given an element S ∈ C∞(ΠT ∗M) we can define an r-ary bracket on M given by
the formula, see [11] for a detailed study:
(1.1) {f1 · · · fr}S,r := i
∗(· · · ((S, f1), f2) · · · , fr),
where ( , ) denotes the canonical odd symplectic structure on ΠT ∗M , i : M →
ΠT ∗M denotes the zero section, and we consider C∞(M) ⊂ C∞(ΠT ∗M). If S
is an even function then we have that the induced brackets are anti-symmetric:
{f, g} = (−)(f˜+1)(g˜+1){g, f}. One can show, see [11] or [2], that any notion of an
anti-symmetric bracket on M can be derived in this way and we shall just take it
as a definition. The master equation (S, S) = 0 translates to the Jacobi identity for
A2(M), and an L∞-structure in general. Just a caveat to the reader to notice that
if one considers the bracket {· · · }S,r as an operator then its parity is not equal to
that of S as a function. This is due to the oddness of the bracket and we see that
the parity of the bracket {· · · }S,r is equal to S˜ + r.
The algebra of densities, denoted by F(M) = ⊕λF
λ(M), is the algebra generated
by densities of arbitrary weight, see [7] or [8] for more details. The multiplication
is induced by the natural isomorphism Fλ(M) ⊗ Fµ(M) ∼= Fλ+µ(M). It can be
considered as an algebra generated by locally adjoining to C∞(M) an invertible el-
ement denoted t. An element of this space, s ∈ F(M), is given in a local coordinate
system by:
s =
∑
λ
sλt
λ,
where the sum is finite and t transforms with the Jacobian: t˜ = |J |t. The new
variable t has even parity, is invertible and has weight 1 (all base coordinates have
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weight 0 in this picture). We shall denote by M̂ the space whose algebra is F(M).
We have a natural notion of T ∗M̂ , where we introduce an even momentum p0, which
transforms as ∂t and has weight -1. We can then define the space ΠT
∗M̂ , where
we have the local coordinates (xa, t; x̂∗a, w
∗), where w∗ = tt∗ is introduced becasue
it has weight 0 and regularly crops up. We have used the notation x̂∗a instead of
x∗a as it transforms in a different way as we will see below. All algebraic data for
ordinary manifolds can be extended to M̂ , in particular ΠT ∗M̂ has a natural odd
Poisson structure and hence we have the notion of anti-symmetric brackets on M̂ ,
in the text we shall give examples of what such brackets are like.
The main tool we shall use is that of the divergence map ∆ : A•(M)⊗F1(M)→
A•−1(M)⊗F1(M). In local coordinates the operator is given by
∆(s|Dx|) = (−)a˜∂xa∂x∗
a
(s)|Dx|.
The divergence operator squares to zero and can clearly be extended to the full
space C∞(ΠT ∗M) ⊗ F1(M). Given a volume form ρ on the manifold M , we can
define the divergence with respect to ρ of an element S ∈ C∞(ΠT ∗M)⊗F1(M) by
∆ρ(S) = ρ
−1∆(Sρ). For more details on the divergence operator and its relation
to Batalin-Vilkovisky geometry see [1], [3] and [4]. We have the following local
equation:
(1.2) ∆|Dx|(f, g) = −(∆|Dx|f, g)− (−)
f˜ (f,∆|Dx|g).
This equation says that ∆|Dx| is a derviation of ( , ). The minus sign origintes from
the oddness of both the bracket and the operator and the fact we only consider
differential operators acting from the right.1
2. Lifting brackets to the algebra of densities
We shall introduce a canonical odd second order differnetial operotor on T ∗M̂ .
This operator allows us to define a natural map C∞(ΠT ∗M)→ C∞(ΠT ∗M̂). More-
over this operation commutes with the odd bracket and hence allows us to classify
all extensions of a given Poisson structure to the algebra of densities.
2.1. The canonical operator. Recall that given a manifold M with a volume
form ρ we have the operator ∆ρ, on the odd cotangent bundle, defined by the
diagram (see [3]):
C∞(ΠT ∗M)
×ρ
//
∆ρ

C∞(ΠT ∗M)⊗F1(M)
∆

C∞(ΠT ∗M) C∞(ΠT ∗M)⊗F1(M)
×ρ−1
oo
The algebra of densities has a canonical volume form, ρ0, which we in local
coordinates has the form
(2.1) ρ0 =
1
t2
|D(x, t)|.
1Using the fact that f
←−
∂a = (−)a˜(f˜+1)∂af , a simple calculation shows that the odd bracket we
use is (−)f˜ times the usual Batalin-Vilkovisky bracket. The reason why we use this one is because
it satisfies very nice parity properties. We therefore have that the preceeding equation exactly
translates to the usual derivation of the bracket by ∆.
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Due to the existence of this volume form we have that the space M̂ has a canon-
ical odd second order operator, which we shall denote by δ. In local coordinates we
find an expression for δ of the form
(2.2) δ = ∆|Dx| + ∂t∗
(
∂t −
2
t
)
Remark 2.1. In two dimensions (on an ordinary orientated manifold) a volume
form is equivalent to a symplectic form. This follows due to the fact that in this
situation there is an isomorphism F1(M) ∼= Ω2(M), and this will send a nowhere
vanishing density to a nowhere vanishing two form which is a priori closed, i.e. sym-
plectic. Therefore we see that on S1 the space of densities has a natural symplectic
structure. Although we shall not need this structure it has been used elsewhere,
for example see [9] .
2.2. The canonical lift. Recall that the subalgbera C∞(M) ⊂ F(M) consists
of those functions with weight 0. As the odd bracket has weight 0, we have that
ŵ(f, g) = (ŵ(f), g) + (f, ŵ(g)). Therefore if we take an element S of weight 0 in
C∞(ΠT ∗M̂) we have that it induces a family of brackets onM by using the standard
formula. This is in fact part of a more general procedure, namely we have a well
defined morphism of graded algebras, C∞(ΠT ∗M̂)։ C∞(ΠT ∗M)⊗F(M), which
in coordinates corresponds to t∗ 7→ 0 (one can see surjectivity using a partition of
unity argument for example). So, in general, by a lift for a fixed weight λ we mean
a section of this projection on the part of weight λ. In the case λ = 0 we see that
this also corresponds to a lift of brackets.
Theorem 2.2. Let λ 6= 1, then there exists a canonical map C∞(ΠT ∗M) ⊗
Fλ(M) → C∞(ΠT ∗M̂) that preserves weight, parity and degree on the subalge-
bra of polynomial functions. Moreover this map commutes with the odd bracket.
The local form of this map is
(2.3) s(x, x∗)|Dx|λ
✤ // ŝ = s(x, x̂∗)tλ + 11−λw
∗tλ∆|Dx|s(x, x
∗)|x∗=x̂∗
The proof of this theorem proceeds as follows: Firstly fix an element s ∈
C∞(ΠT ∗M) ⊗ Fλ(M) and consider p−1(s) ⊂ C∞(ΠT ∗M̂), the set of those func-
tions that are projected to s by the above map. Then we find that for λ 6= 1 there
exists a unique element in this space that satisfies the differential equation δŝ = 0,
and this defines the lift. The proof is therefore very similar to that of the construc-
tion of the Frolicher-Nijenhuis bracket where we can find a unique lift such that it
is in the kernel of d̂ = dxa∂a − (−)
a˜x∗a∂dx∗a .
Proof. Looking at an arbitrary element S0 ∈ C
∞(ΠT ∗M) ⊗ Fλ(M), we see that
a general element that lies above it, of the type required in the theorem, is of the
form tλS0(x, x̂
∗) + t∗tλ+1S1(x, x̂
∗). We apply δ, the canonical operator defined in
the last section, to this lift:
δ(tλ(S0 + t
∗tS1)) = t
λ
(
∆|Dx|(S0) + (λ− 1)S1
)
− t∗tλ+1∆|Dx|(S1).
We see that for λ 6= 1 we have that S1 is uniquely defined given an S0, if we require
that this is in the kernel of δ, which we glean as being:
S1 =
1
1− λ
∆|Dx|S0.
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We see that this gives the lift as claimed. As a double check to see this is well
defined we could explicitely check how the coordinates x̂∗a transform, i.e. as parity
reversed momenta:
x̂∗a′ = ∂a′x
ax̂∗a + (−)
b˜′∂a′b′x
a∂ax
b′w∗.
Using this we can easily check that this lift is well defined, i.e. coordinate inde-
pendant. We now need to check that this commutes with the odd bracket, i.e.
(ŝ, û) = (s, u)∧. We find
(ŝ, û) = (s, u)− w∗
[
(∆s, u) + (−)s˜(s,∆u)
]
Therefore that the lift commutes with the bracket iff ∆|Dx|(s, u) = −(∆|Dx|s, u)−
(−)s˜(s,∆|Dx|u). But this is just equation (1.2), and hence the result follows. 
We now study the geometric data contained in this map. As for the long bracket
in the symmetric case we see that the extension of an r-ary bracket requires the
following data {xa1 , · · ·xar−1 , t} = T a1···ar−1t, and this T transforms us an upper
connection over the tensor Sa1···ar = {xa1 , · · · , xar}, considered as a map Ω1(M)→
Ar−1(M). The map above states that there exists a canonical upper-connection for
a Π-symmetric tensor S and this is given by T = ∆|Dx|S.
We shall now give some examples of this map.
Example 2.3. Let X = Xax∗a be a parity reversed vector field onM . Then the lift
of X is X̂ = Xax̂∗a + (−)
a˜(X˜+1)∂aX
aw∗. This is of course just the parity reversed
Lie derivative, ΠLΠX .
Example 2.4. Let pi = piabx∗ax
∗
b be a 2-ary bracket on M . The lift of pi has the
form:
(2.4) pi = piabx̂∗ax̂
∗
b + 2(−)
pia˜∂api
bax̂∗bw
∗
If our Poisson bracket comes from a symplectic structure then in canonical co-
ordinates the lift is trivial, as would be expected for we have a natural volume
form.
Example 2.5. In this example we shall explore the case of a (super) Lie algebra
g. The Lie algebra structure on g induces a Poisson structure on g∗ and thus on
the space of densities on g∗. In this example it is in fact more natural to consider
the algebra that is polynomial in the variable t rather than letting it be invertible.
Then the space associated to the algebra of densities, ĝ∗, is isomorphic to g∗ ×K.
This induces a Lie algebra structure on ĝ, as the Poisson bracket is of the correct
weight, and therefore we have the following sequence of Lie algebras
0 // g // ĝ
This can be extended to a sequence of g-modules by taking the quotient of the
extended Lie algebra by g. The final term in the sequence is a one dimensional
vector space, and hence isomorphic K. Recall that extensions of Lie algebras, as
above, is equivalent to an action of g on K, we shall now see what this action looks
like.
Let us pick a basis on g, say {xi} with structure constants Cijk. This basis then
allows to make an identification ĝ∗ ∼= g∗×K. The Poisson bracket and its lift have
the form
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pi =
1
2
Cijkx
kx∗jx
∗
i
pi =
1
2
Cijkx
kx∗jx
∗
i + w
∗(−)i˜Cjiix
∗
j
Thus the action on K has the from, g → gl(1), given by x 7→ str(x). A simple
check shows that this is invariant of our choice of basis.
2.3. Lifting fixed Poisson structures. Now we fix a manifoldM and an element
s ∈ Ar(M) such that (s, s) = 0. Using the above map we shall classify the space
of all S that lie above s, satisfy (S, S) = 0, as well as having the same weight and
degree as s. Firstly consider S−ŝ, then as this induces the zero bracket on functions
it follows that S − ŝ = Qw∗, and, by the restrictions on degree, Q is a polynomial
of r − 1 in the fibre coordinates, and has parity (as a function) opposite to that of
s. If we locally expand Q we see that any term containing w∗ is killed by the w∗
multiplying Q and hence we have that
S − ŝ = Qa1···ar−1 x̂∗a1 · · · x̂
∗
ar−1w
∗.
Checking the coordinate transformation we see that Qa1···ar−1x∗a1 · · ·x
∗
ar−1 is a
well defined element of Ar−1(M). We therefore see that for a general s ∈ Ar(M) the
space of S ∈ Ar(M̂) that restrict to s is an affine space modelled on (Ar−1(M))s˜+1.
We now enforce the condition that (S, S) = 0. To do this we shall need the
following properties of the odd bracket ( , ):
(fg, h) = (−)f˜f(g, h) + (−)g˜h˜(f, h)g
(f, g) = (−)f˜ g˜(g, f)
Then writing S = ŝ+Qw∗ we find that
(S, S) = (ŝ+Qw∗, ŝ+Qw∗) =
(
1 + (−)s˜
)
(s,Q)w∗
We sum these calculations up in the following proposition.
Proposition 2.6. Let s be a Poisson r-ary bracket, i.e. (s, s) = 0 and s˜ = 0. Then
the space of brackets above s that are also Poisson and have the same degree, weight
and parity, is isomorphic to the odd elements in Ker(s, ·) ∩ (Ar−1M ).
Example 2.7. Let us take the standard symplectic structure on R2n, ω = pi∗x
∗
i ,
then ω˜ = 0. A vector field on X is symplectic iff (ω,ΠX) = 0. This is the case if
X i,j = −Xj
,i, X i,j = Xj,i, andXi,j = Xj,i. From the above proposition we see that
the space of lifts of ω is classified exactly by the space of symplectic vector fields.
Let us take a symplectic vector field X , we then have the lift ΩX = ω̂ + ΠXw
∗.
The extra term in the bracket is given by:
{H, t} = ((ΩX , H), t) = −X(H)t.
On R2n every symplectic vector field is Hamiltonian and hence there exists a
function f such that X = Xf and hence we may rewrite the above as {H, t} =
{H, f}|Dx|. Let us consider in detail how this defines a time evolution of λ-densities.
Fix a Hamiltonian H on M and take Ψ = ψtλ. We find that the time evolution of
this density is given by
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d
dτ
Ψ(τ) = ((ΩX , H),Ψ) = ({H,ψ}+ λ{H, f}ψ) t
λ = (ψ˙ + λf˙ψ)tλ
Example 2.8. Q-manifolds. A Q-manifold is a pair, (M,Q), whereM is a manifold
and Q is an odd derivation, also known as a homological vector field, on M that
squares to zero, Q2 = 12 [Q,Q] = 0, for more details see [10] or . In terms of the
ΠT ∗M an odd vector field is nothing other than an even element of A1(M) ∋ Q and
the fact that it squares to zero is just (Q,Q) = 0. We can thus classify all extensions
of Q to the algebra of densities as above: The space of homological vector fields
extending Q is isomorphic to the kernel of Q.
For a specific example consider ΠTM with the vector field d = dxa∂xa . Then
d̂ = dxax̂∗a, the space ΠTM has a canonical volume form. Hence a general lift of
this vector field is dxax̂∗a + w
∗θ, where θ˜ = 1 and dθ = 0, that is θ is a closed
differential form of odd weight.
3. Conclusions and Further Questions
We have seen that on an arbitrary manifold, M , there exists a natural lift of
any weighted function on the odd cotangent space, C∞(ΠT ∗M) ⊗ Fλ(M), to
C∞(ΠT ∗M̂) if λ 6= 1. Moreover we have also shown the existence of a natural
differential operator on M̂ that generates the odd bracket, δ. There are however
still a variety of questions that may still be of interest which we shall attempt to
address at a later date, and we shall state some of them now:
(1) The singular point of the lift, λ = 1, should be explained in greater detail.
We have the natural isomorphism:
C∞(ΠT ∗M)⊗Fλ(M) ∼= Fλ/2(ΠT ∗M).
We therefore see that the singular point corresponds to half densities on
the odd cotangent bundle, however this is still not a completely satisfactory
description.
(2) Of course the quantum version of all the above still remains to be studied.
In particular, due to the existence of δ, it is natural to study the quantum
master equation on M̂ :
δS +
i
2~
(S, S) = 0.
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